An effective Minkowski spacetime with no deformation in formal is established by introducing a well-defined proper time from the κ-deformed Minkowski spacetime related to the standard basis. The κ-Minkowski spacetime connects with a special curved spacetime through this effective spacetime. In the framework of such an effective Minkowski spacetime as a mapped coordinate system of the κ-deformed Minkowski spacetime, models of field theory can be constructed by simply considering the requirement of the Lorentz invariance, and their κ-deformed, i.e. noncommutative effects are comprised naturally. In particular, a kind of fuzziness in the temporal dimension related to noncommutativity is found in the effective framework of the κ-Minkowski spacetime. As an application, three types of formulations of chiral bosons are investigated and the lagrangian theory of noncommutative chiral bosons are obtained.
Introduction
In history, Snyder [1] published the first work on noncommutative spacetime although the idea might be traced back earlier to W. Heisenberg, R.E. Peierls, W. Pauli, and J.R. Oppenheimer. The quantized spacetime was motivated to remove the divergence trouble caused by point interactions between matter and fields. In modern quantum field theory, instead of a discrete spacetime, the well-developed renormalization is utilized to overcome this difficulty in the spacetime with scale larger than Planck's. However, the idea of noncommutative spacetime has revived due to the intimate relationship between the noncommutative field theory (NCFT) and string theory [2] and between the NCFT and the quantum Hall effect [3] , respectively. In the former relation, some low-energy effective theory of open strings with a nontrivial background can be described by the NCFT and thus some relative features of string theory may be clarified through the NCFT within a framework of quantum field theory, and in the latter the quantum Hall effect can be deduced from the abelian noncommutative Chern-Simons theory at level n shown to be exactly equivalent to the Laughlin theory at filling fraction 1/n. Recently it is commonly acceptable that the noncommutativity would occur in the spacetime with the Planck scale and the NCFT [4] would play an important role in describing phenomena at planckian regimes.
The mathematical background for the NCFT is the noncommutative geometry [5] . In general, the spacetime noncommutativity can be distinguished by the three types, i.e. the canonical, the Lie-algebraic and the quadratic noncommutativity, respectively. Among them, the κ-deformed Minkowski spacetime [6, 7] as a specific case of the Lie-algebraic type has recently been paid much attention because it is a natural candidate for spacetime based on which the Doubly Special Relativity [8] has been established. The κ-Minkowski spacetime is defined by the following commutation relations 1 of the Lie-algebraic type,
In addition, the vanishing momentum commutation relations taken from the κ-deformed Poincaré algebra should be supplemented,
[p µ ,p ν ] = 0, µ, ν = 0, 1, 2, 3.
Therefore Eqs. (1) and (2), together with the other relations betweenx µ andp ν that should coincide with the Jacobi identity, constitute a complete κ-deformed phase space. One briefly recapitulates the main scheme on dealing with noncommutativity of space-1 Here the deformation parameter κ with the mass dimension is considered to be real and positive.
time, 2 in which the noncommutativity can be described by the way of Weyl operators or for the sake of practical applications by the way of normal functions with a suitable definition of star-products. The relationship between the two ways is, as was stated [4] , that the noncommutativity of spacetime may be encoded through ordinary products in the noncommutative C * -algebra of Weyl operators, or equivalently through the deformation of the product of the commutative C * -algebra of functions on spacetime to a noncommutative star-product. For instance, in the canonical noncommutative spacetime the star-product is just the Moyal-product [10] , while in the κ-deformed Minkowski spacetime the star-product requires a more complicated formula [11] . In the latter some recent progress shows [12] that a local field theory on the κ-deformed Minkowski spacetime can be described as a nonlocal relativistic field theory on the Minkowski spacetime. The arrangement of this paper is as follows. In the next section, a new approach is proposed for disposing noncommutativity in the κ-Minkowski spacetime, that is, an effective Minkowski spacetime, which is quite different from the scheme mentioned above, is introduced. The novelty aims at the attempt that a local field theory in the κ-deformed Minkowski spacetime might be described still as a local relativistic field theory in the Minkowski spacetime. In section 3, one applies the idea of effective Minkowski spacetime to chiral bosons and establishes the lagrangian theory of noncommutative chiral bosons in the effective framework of the κ-Minkowski spacetime. Finally section 4 is devoted to conclusion and perspective, in which the fuzziness of temporal dimension related to noncommutativity is analyzed in detail.
Effective Minkowski spacetime
The motivation originates from a new point of view, that is, whether the κ-Minkowski spacetime can be dealt with in some sense in the same way as the Minkowski spacetime, which leads to the proposal of effective Minkowski spacetime. As a result, noncommutative field theories defined in the κ-deformed spacetime can be effectively described by the way to ordinary (commutative) field theories in the Minkowski spacetime and thus the noncommutativity may be clarified through their effective theories within the framework of ordinary field theories.
One starts with the Casimir operator of the κ-deformed Poincaré algebra in the standard basis [6] ,Ĉ
whereP 0 ≡ 2κ sinh (p 0 /2κ). Whenp µ takes its usual form, 3 i.e.p 0 = −i∂/∂t and p i = −i∂/∂x i , the operatorP 0 then readŝ
Now one introduces a proper time 4 τ by defining just in formal the operator
At this stage, no relations between τ and t are given. However, one may propose such relations in a quite general way by multiplying f (t) to the right sides of both formulations
where f (t) is an arbitrary continuous function with any orders of derivatives. Therefore, the relations between τ and t might be obtained by solving the above equation,
In the limit κ → +∞, the proper time τ goes back to t, the ordinary time, which is the necessary condition that the proper time has to satisfy because the κ-Minkowski spacetime reduces to the Minkowski spacetime. In principle, it is quite hard to solve eq. (7) with an arbitrary f (t). One can, nevertheless, choose its simple and natural form that will give rise to a well-defined proper time. With some efforts one finds such a form 5 that meets the requirement, τ = f (t).
As a result, one provides a kind of relations between the proper time τ and the ordinary time t, which is the solution of the following differential equation that contains infinitely high order derivatives, 2κ sin 1 2κ
that of the special relativity. 5 This form is the natural choice that corresponds to a kind of minimal extensions of the Minkowski spacetime. The idea of minimal extensions is basic and usually adopted in physics, such as in the theories of supersymmetry and of curved spacetime. When one introduces light-cone components in the coordinate system related to τ , this form indeed induces models of κ-deformed chiral bosons with interesting physical properties. For the details, see further discussions.
Fortunately, this equation has an exact solution, τ = t + +∞ n=−∞ c n exp(2κnπt), where n is an integer and coefficients c n are arbitrary real constants. One necessary condition is that τ should be convergent and reduces to t in the limit κ → +∞, which adds 6 the constraints, c n = 0 for n ≥ 1. Therefore, the final form of the solution reads
The effective Minkowski spacetime spanned by (τ, x i ) coordinates is thus established, in which the Casimir operator and the line element have no deformation in formal. The deformation appears explicitly in the effective framework of the κ-Minkowski spacetime spanned by (t, x i ) coordinates. Eq. (10) plays a crucial role in connecting the two coordinate systems to each other. The connection means that a deformed (noncommutative) spacetime may be represented (realized) in some sense by a formally undeformed (commutative) spacetime but the price paid is the existence of infinitely many unfixed coefficients in the formally undeformed spacetime related to τ . This would be understandable because it is just these unfixed coefficients that reflect the noncommutativity of the deformed spacetime. See the last section of this paper for a detailed discussion. By making use of eq. (10) one then obtainsĈ
and
whereτ means dτ /dt,τ
The effective Minkowski spacetime is, as expected, formally flat, which is a merit for one to construct models of field theory. That is, one simply considers the Lorentz invariance in the effective Minkowski spacetime, and the constructed models contain κ-deformed effects naturally. In mathematics, this effective Minkowski spacetime may be regarded as a coordinate system specifically mapped from the κ-Minkowski spacetime. The Lorentz invariance in the effective Minkowski spacetime reflects in fact some invariance in the κ-Minkowski spacetime that seems an unknown symmetry up to now. 8 In this way one therefore circumvents a relatively complicated procedure for searching for models that should possess such an unknown symmetry. The line element gives the fact that the effective framework of the κ-Minkowski spacetime connects with a special curved spacetime. In consequence one may say that the κ-Minkowski spacetime is somehow equivalent to the curved spacetime whose metric is given by
The feature of the spacetime is that the time is twisted while the spaces are still flat, which coincides with [6] the characters of the κ-Minkowski spacetime, i.e. with "quantum" time and three-dimensional euclidean space. This means that the effective Minkowski spacetime is good enough to maintain the noncommutativity of the κ-Minkowski spacetime.
Noncommutative chiral bosons
One deviates from the discussion of noncommutativity temporarily and gives a brief introduction of chiral bosons in the ordinary (commutative) Minkowski spacetime. The main reason that chiral bosons 9 have received much attention is that they appear in various theoretical models that relate to superstring theories, and reflect especially the existence of a variety of important dualities that connect these theories among one another. One has to envisage two basic problems in a lagrangian description of chiral bosons: one is the consistent quantization and the other is the harmonic combination of manifest duality and Lorentz covariance, since the equation of motion of a chiral boson, i.e. the self-duality condition, is first order with respect to the derivatives of space and time. In order to solve these problems, various types of formulations of chiral bosons, each of which possesses its own advantage, have been proposed [14, 15, 16] . It is remarkable that these models for chiral bosons have close relationships among one another, especially various dualities that have been demonstrated in detail from the points of view of both configuration [17, 18] and momentum [19] spaces. In this section one mainly proposes the κ-deformed chiral bosons 10 by means of the 8 See, e.g. ref. [13] and the references therein. 9 In general, one should mention chiral p-forms that include chiral bosons as the p = 0 case. A chiral 0-form in the (1+1)-dimensional Minkowski spacetime is usually called a chiral boson which describes a left-or right-moving boson in one spatial dimension. 10 One can also consider chiral p-forms (p ≥ 1) and their noncommutative generalizations. This is one of the further topics that will probably be reported elsewhere soon.
effective Minkowski spacetime. The concrete procedure, i.e. the effective method is as follows, lagrangians of chiral bosons are given at first by simply considering the Lorentz invariance in the effective Minkowski spacetime, and through the coordinate transformation eq. (10), they are then converted into their expected formulations. As a result, one establishes the lagrangian theory of chiral bosons in the effective framework of the κ-Minkowski spacetime. Alternatively, from the point of view of the equivalence between the effective framework of the κ-Minkowski spacetime and the special curved spacetime, one can also construct lagrangians within the framework of the curved spacetime. It should be noted that for a certain formulation of chiral bosons both procedures give rise to the noncommutative generalizations that have the same physical spectrum. Let us start with the light-cone coordinates and their derivatives defined in the (1 + 1)-dimensional effective Minkowski spacetime respectively as follows,
It is obvious that they satisfy D ± X ± = 1 and D ± X ∓ = 0. In this formally flat spacetime the equation of motion for a chiral boson takes its usual form
and its solution thus reads
where the upper sign corresponds to the left-moving while the lower the right-moving. Through the coordinate transformation one converts the equation of motion eq. (17) into its corresponding formulation in the effective framework of the κ-Minkowski spacetime,
The solution takes the same form as eq. (18) and can easily be expressed by the (t, x) coordinates through the well-defined X ± ,
Consequently, the equation of motion and its solution comprise in a natural way the noncommutative effects related to the finite parameter κ. Incidentally, they become their ordinary forms correspondent to the Minkowski spacetime in the limit κ → +∞.
The following task is straightforward, that is, to construct in the effective framework of the κ-Minkowski spacetime such lagrangians that yield the equation of motion for chiral bosons, eq. (19) , by making use of the effective method mentioned above. Three typical formulations of chiral bosons are investigated as examples in this section, i.e. the nonmanifestly Lorentz covariant version [14] and manifestly Lorentz covariant versions with the linear self-duality constraint [15] and the quadratic one [16] , respectively.
The non-manifestly Lorentz covariant formulation
It is non-manifestly Lorentz covariant but indeed Lorentz invariant [14] . Simply considering the Lorentz invariance in the formally flat effective spacetime (τ, x), one gives the action
which is nothing but the common form of Floreanini and Jackiw's left-moving chiral bosons if τ is replaced by t. After making the coordinate transformation, one obtains the action written in terms of the coordinates (t, x),
where √ −g is the Jacobian and also the measure of the special curved spacetime connected with the κ-Minkowski spacetime,
Therefore the lagrangian one expectes takes the form
where a dot and a prime stand for derivatives with respect to time t and space x, respectively. A plus and minus sign appears in front of the first term duo to the ratio √ −g/τ , and the choice depends on eitherτ > 0 orτ < 0. However, this does not cause any ambiguity.
11 By making use of Dirac's quantization [20] one can prove that the lagrangian only describes a left-moving chiral boson in the effective framework of the κ-Minkowski spacetime, which is independent of whetherτ > 0 orτ < 0, and that the similar case also happens in the linear and the quadratic self-duality constraint formulations of chiral bosons. Incidentally, this feature does not exist in the case of ordinary (commutative) chiral bosons due to the triviality √ −g =τ = 1 in the limit κ → +∞.
In terms of Dirac's quantization [20] one can verify that the lagrangian L 1 indeed describes a κ-deformed chiral boson which satisfies the equation of motion eq. (19) with the choice of the upper sign correspondent to the left-handed chirality. To this end, at first define the momentum conjugate to φ, π φ ≡ ∂L 1 /∂φ = ±φ ′ , and then give the hamiltoian through the Legendre transformation, ε(x − y), where ε(x) is the step function with the property dε(x)/dx = δ(x), one calculates the equal-time Dirac brackets:
δ(x − y), and {π φ (x), π φ (y)} DB = ± 1 2 ∂ x δ(x − y). In the sense of Dirac brackets weak constraints become strong conditions. As a consequence, one writes the reduced hamiltonian, H
φ , and derives from the canonical hamiltonian equation,φ = dy{φ(x), H r 1 (y)} DB , the equation of motion for κ-deformed chiral bosons,φ = ± √ −gφ ′ =τ φ ′ , which is nothing but eq. (19) with the upper sign corresponding to the left-handed chirality.
The manifestly Lorentz covariant formulation with linear self-duality constraint
In this formulation the self-duality constraint is imposed upon a massless real scalar field [15] . Although it has some defects [22] , the linear formulation strictly describes a chiral boson from the point of view of equations of motion at both the classical and the quantum levels. Its generalization to the canonical noncommutative spacetime has been studied in detail, and in particular a kind of fuzziness on the left-and right-handed chiralities in the spatial dimension has been noticed [21] . Under the requirement of the Lorentz invariance in the effective Minkowski spacetime, one can write the action in a straightforward way,
where
, a light-cone component of the vector field, λ µ , µ = 0, 1, as a Lagrange multiplier. In terms of the effective method adopted in this paper, one then 12 The Dirac quantization is shown to be available in constrained systems whose hamiltoians contain time explicitly. For instance, see ref. [21] .
converts it into its formulation in the effective framework of the κ-Minkowski spacetime,
from which the lagrangian reads
where a plus and minus sign also exists in front ofφ as explained in subsection 3.1.
As was done in the above subsection, one makes the hamiltonian analysis by using Dirac's method and proves that L 2 , as expected, describes a κ-deformed chiral boson with the left-handed chirality. Let us define momenta conjugate to φ and λ + , π φ ≡ ∂L 2 /∂φ = φ/ √ −g ± λ + and π λ + ≡ ∂L 2 /∂λ + ≈ 0, respectively. The latter gives in fact one primary constraint, Ω 1 (x) ≡ π λ + ≈ 0. Making the Legendre transformation, one gets the canonical hamiltonian,
. As a basic consistency requirement in dynamics of constrained systems, Ω 1 (x) should be preserved in time, which yields one secondary constraint,
Because the preservation of Ω 2 (x) does not give further constraints, the constraint set consists of Ω 1 (x) and Ω 2 (x). From the constraint matrix elements of equal-time Poisson brackets, C 11 (x, y) = 0, C 12 (x, y) = −C 21 (x, y) = δ(x − y), and C 22 (x, y) = ∓2∂ x δ(x − y), one can easily deduce their inverse elements, C −1
21 (x, y) = −δ(x − y), and C
−1
22 (x, y) = 0, and then computes the non-vanishing equal-time Dirac brackets, {φ(x), π φ (y)} DB = δ(x − y), {φ(x), λ + (y)} DB = ±δ(x − y), {π φ (x), λ + (y)} DB = −∂ x δ(x − y), and {λ + (x), λ + (y)} DB = ∓2∂ x δ(x − y). After making Dirac's weak constraints as strong conditions, one obtains the reduced hamiltonian in terms of independent phase space variables, H 
The manifestly Lorentz covariant formulation with quadratic self-duality constraint
In this formulation the square of the self-duality constraint, instead of the self-duality itself, is imposed upon a massless real scalar field [16] . With the consideration of the Lorentz invariance one firstly writes the following action in the effective Minkowski spacetime,
where λ ++ ≡ 1 2
(λ 00 + λ 01 + λ 10 + λ 11 ), a light-cone component of the tensor field, λ µν , µ, ν = 0, 1, as a Lagrange multiplier, and then rewrites it in the effective framework of the κ-Minkowski spacetime in terms of the so-called effective method,
which yields at last the lagrangian
where a plus and minus sign emerges in front ofφ once again as occurred in subsections 1 and 2.
Briefly repeating the procedure gone through in the above two subsections, one can make the conclusion that L 3 also describes a chiral boson with the left-handed chirality in the effective framework of the κ-deformed Minkowski spacetime. At first, through introducing canonical momenta conjugate to φ and λ ++ , π φ ≡ ∂L 3 /∂φ = (1 − λ ++ )φ/ √ −g ± λ ++ φ ′ and π λ ++ ≡ ∂L 3 /∂λ ++ ≈ 0, respectively, one gets a primary constraint, Ω 1 (x) ≡ π λ ++ ≈ 0, and derives the canonical hamiltonian with the help of the Legendre transformation,
consistency of time evolution of Ω 1 (x) then gives rise to one secondary constraint,Ω 2 (x) ≡ (π φ ∓ φ ′ ) 2 ≈ 0, which is first-class and no longer induces further constraints. At this stage, one may replaceΩ 2 (x) by its linearized version, Ω 2 (x) ≡ π φ ∓ φ ′ ≈ 0, which is second-class, as was dealt with [23] to the ordinary quadratic self-duality constraint formulation in the Minkowski spacetime under the consideration of the classical equivalence between the two constraints. According to Dirac's method, a gauge fixing condition, χ(x) ≡ λ ++ (x)−F (x) ≈ 0 with F (x) an arbitrary function in the effective framework of the κ-Minkowski spacetime, should be added, and thus the constraint set, (χ(x), Ω 1 (x), Ω 2 (x)), becomes second-class. The remainder of canonical analyses can be followed straightforwardly and the results, such as the non-vanishing equal-time Dirac brackets, the reduced hamiltonian, and the equation of motion, are exactly same as that obtained in subsection 1. As a consequence, one verifies that the quadratic formulation can reduce to the noncommutative generalization of Floreanini and Jackiw's chiral bosons, which reveals the connection between the two formulations in the effective framework of the κ-Minkowski spacetime.
Conclusion and perspective
In conclusion one emphasizes the key point of this paper, that is, the proposal of effective Minkowski spacetime which is realized by introducing the proper time through the Casimir operator eq. (3). This makes it possible that a local field theory in the κ-deformed Minkowski spacetime can be described still as a local relativistic field theory in the Minkowski spacetime. The effective Minkowski spacetime can be regarded as to be equivalent to the κ-deformed Minkowski spacetime in the sense of the minimal extension of the Minkowski spacetime. It has no explicit but does have implicit deformation and relates to the simple and natural choice of proper times. Mathematically, the effective Minkowski spacetime may be understood as a coordinate system specifically mapped from the κ-Minkowski spacetime. The mapped spacetime, moreover, contains intrinsically the primordial information of the κ-Minkowski spacetime, i.e. the noncommutativity connected to the finite parameter κ. One keeps a model Lorentz invariant in the effective Minkowski spacetime, which actually reflects it some invariance in the κ-Minkowski spacetime. This is the so-called effective method which makes the model comprise noncommutative effects naturally. As an application of this effective spacetime, three types of formulations of chiral bosons are generalized in terms of this method to the effective framework of the κ-Minkowski spacetime related to the standard basis, and the lagrangian theory of deformed chiral bosons are acquired and quantized by utilizing Dirac's method. Moreover, one notices, as a byproduct, the connection between the κ-Minkowski spacetime and the special curved spacetime with the metric eq. (14), which provides an alternative way to fulfil κ-deformed generalizations for models of field theory. In particular, one notes that the proper time τ eq. (10) contains infinitely many real coefficients, c −n for n ≥ 0, which can not be fixed within the framework of theory established in this paper. An interesting feature caused by the indefinite coefficients is that the initial value of the proper time,
is uncertain even if the convergence requirement of the series of constant terms is added, and the uncertainty is intrinsic not only to the initial value but also to any value of the proper time. This may be interpreted to be a kind of fuzziness in the temporal dimension that has hidden in the implicit deformation of the effective Minkowski spacetime. Such a fuzziness is compatible with the κ-Minkowski spacetime in which time and space operators commute to the space operator, that is, it originates from the special noncommutativity described in mathematics by the κ-deformed Poincaré algebra. For chiral bosons, nevertheless, one points out that the fuzziness is different from that discovered [21] in the canonical noncommutativity where the similar phenomenon presents ambiguous left-and right-handed chiralities in the spatial dimension. In spite of the distinction mentioned, the existence of fuzziness that is closely related to noncommutative spacetime might be inevitable although it is not clear that how the noncommutativity brings about fuzziness in the temporal or spatial dimension, or even probably in multiple temporal and spatial dimensions.
Further considerations focus on the following two aspects. The first is to consider whether the κ-deformed Minkowski spacetime related to the bicrossproduct basis [7] can be mapped to an effective Minkowski spacetime. This is worth notice because the κ-Poincaré algebra in the bicrossproduct basis contains the undeformed (classical) Lorentz subalgebra. The difficulty lies on the appearance of entangled terms ofp 0 andp i in the Casimir operator related to this basis, which, however, does not occur in the case of the standard basis. Namely, one tries to find, following the way adopted for the standard basis, such a proper time and such "proper" spatial coordinates as well that the entanglement could be removed. The second aspect is to extend the application of the effective Minkowski spacetime already established to any models that are interesting in the ordinary (commutative) spacetime, in particular, to the models whose κ-deformed generalizations connect with phenomena probably tested in experiments, such as in ref. [24] where the canonical noncommutativity is involved. In this way one may have opportunities to test the effective method for the κ-Minkowski spacetime and/or to determine the value of the noncommutative parameter by comparing theoretical results with available experimental data. A quick and direct extension is to apply the effective method to chiral p-forms as mentioned in footnote 10 and also to the interacting theory of chiral bosons and gauge fields [25] , and results will be given separately.
